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Goals for today

What are Hidden Markov Models (HMMs)?

— How do they relate to Dynamic Bayesian
Networks?

What are Input/Output HMMs (IOHMMs)?
EM algorithm for learning IOHMMs

Application of IOHMMs to examine regulatory
network dynamics



Motivation

Suppose we are given time series expression
profiles

We wish to find key regulators that are
associated with changes in expression levels
over time

We have seen a simple approach to do this

— Activity subgraph/skeleton network-based
approaches

Can we more explicitly take time into account?
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Recall Markov chain
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A three state Markov chain

These define the transition
probabilities

P(Xs1=high|X;=low)=0.1



Hidden Markov Models
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Notation

States are numbered from / to K
— observed character at position ¢
r={r1,aaarr} Observed sequence

T ={m, 77TT}Hidden state sequence or path
Transition probabilities
ayg| = P(?Tt_|_1 = ”7Tt = k)

Emission probabilities: Probability of emitting symbol
b from state k£

ex(b) = P(x, = bl , = k)



What does an HMM do?

* Enables us to model observed sequences of
characters generated by a hidden dynamic

system
* The system can exist in a fixed number of
“hidden” states

* The system probabilistically transitions
between states and at each state it emits a
symbol/character




Defining an HMM

* States
* Emission alphabet
* Parameters

— State transition probabilities for probabilistic
transitions from state at time ¢ to state at time 7+ /

— Emission probabilities for probabilistically emitting
symbols from a state



An HMM for an occasionally dishonest casino
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Formally defining a HMM

* States
* Emission alphabet
* Parameters

— State transition probabilities for probabilistic
transitions from state at time ¢ to state at time 7+ /

— Emission probabilities for probabilistically emitting
symbols from a state



Goals for today

' What are Hidden Markov Models (HMMs)?

" How do they relate to Dynamic Bayesian
Networks?
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HMM represented as a DBN

I A DBN could be used to represent the
transition probabilities more compactly.

7'(‘t > 7Tt_|_ I For example, consider the state variable
/ K to be D-dimensional each with K possible

values.

I For example we are tracking D objects
and each object can have K possible
settings

I The state variable can have KP possible
values

' An HMM will attempt to model the transition
X X probabilities between all state combinations.
t t+

I In other words, the DBN will look fully

connected.
DBN

Kevin Murphy, 2000



DBN version of the occasional dishonest casino
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Three important questions in HMMs

o I"H$U%&'US" (%) +,#,8-&$.Yo+/%H#%' (01(23(%/*+4
5667

— Forward algorithm

o I"#$%&'%S$" (Yo4+'$%-&8(-.%' (01 (23(%+/%'$HS ('Y
O(2(*#$&29%#%'(01(23(%+/%+,' (* #$&+2'
— Viterbi algorithm

o 5+:903#2%: (Y- (#*2%#2%566%/*+4%#%' ($%+/%
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— Forward-backward or Baum-Welch (an EM algorithm)



Computing the probability of a sequence from
an HMM

P(XlsyxTyllilT):

T
Ao, H Cr (Xt)aﬂ't Tt +1
/=1 } ™~

State transition between

Emitting symbol %, consecutive time points

Initial transition



Computing the probability of a sequence
from an HMM

* But we don’t know what the sequence of states (path) is
* So we need to sum over all paths

* The probability over !I"" paths is:

T
P(xi1,4daxr)= Y  ao,|]e.xDa ..,
remp =1

Sum over all paths

 The forward algorithm gives an efficient way to compute this
probability

* Itis based on the concept of dynamic programming



Goals for today

 What are Hidden Markov Models (HMMs)?

— How do they relate to Dynamic Bayesian
Networks?

* What are Input/Output HMMs (IOHMMs)?
* Learning problems of IOHMMs



Input output Hidden Markov Models (IOHMM)

As in the HMM we have
" States, emissions and transitions
In addition we have a sequence of inputs

" The transitions and emissions can depend on
inputs (u;,..,u7)

In a way, IOHMMs map inputs to outputs
" This is different from HMMs

l HMMs aim to define P(x;..x;) while IOHMMs
define P(x;.x;lu;..u;)

Bengio & Frasconi, IEEE Trans on Neural Networks 1996



Input output Hidden Markov Models (IOHMM)

Hidden states

Inputs

Lt Zl?t_|_1

N —

Outputs

Transition and emissions are
dependent upon a set of external
stimuli

v




"H$%&& () + - -.(%-(/0122

The set of K hidden states
Emission characters/symbols/values

Transition probabilities conditioned on the
iInput

— Unlike HMMS where we had ay; = P(m; 1 = l|m = k)
— Here we have ax = P(mi41 = l|m = k,upq1)
Similarly for emission probabilities on the

input and state

er(Xe) = P(X¢|' e = Kk, uy)



Three important questions in IOHMMs

 What is the probability of a sequence from an
IOHMM?

— Forward algorithm

 What is the most likely sequence of states for
generating a sequence of observations

— Viterbi algorithm

e How can we learn an IOHMM from a set of
seguences?

— Forward-backward algorithm (an EM algorithm)
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As in the case of HMMs

* We would need to sum over the possible state
configurations

P(X1, -+ ,XT|Up -+ ,Ur Z HP (Xt ' e, u)P (M|t o 1, Up)

"’;-Tt 1

Sum over all paths

* We will use the forward algorithm for this
problem



How likely is a given sequence: Forward
algorithm

* Define f (t)as the probability of observing

X1, -+ ,xs and endingin state k at time ¢
given inputs u;..u,
fk( ) (2171, ' 7xt77Tt:k‘u17°" 7ut)

 This can be written as follows
it +1) = P(@ealmerr, ur) Y fit)P(megr = klme = Lugia)

fi(t +1) = ex(x1) Y filt)an



Steps of the Forward algorithm

. I"HSHYEHVoSH("
fk(1) = ex(z1)P(m1 = klu)
o V+,-#("OL(-Or=2F(T

fi(t) = ex(x¢ Zaucfz (t—1)
. 2% 3HUSH("

P(x1,444vr|ui, d88ur) = Zﬁ(T)



Working through an example

Suppose we are able to measure three reporter
molecules whose values are dependent upon
input chemical stimulus and whether one of four
possible hidden pathways are triggered.

Chemical stimulus: {0,1}

Hidden Pat

hways: {A, B, C, D}

Reporter molecules: {r, ry,r3}

Given a sequence of reporter molecule
measurements, and chemical stimuli, infer which

hidden pat

nway was likely triggered



Inputs

"HHS%6& ()" Yo +, I

Hidden states

bt ATt +
O

\

v

¢ & {A,B,C,D}
U € {O, ]_}
ry € {r1,r2,73}

We need to specify three CPTs
P(Tl’l |U1)
P(mg|mi—1,uy)

PN Y Pam, w)

Outputs
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Tty U1

Transition probabilities encode some
independencies

P+l

A B C D
0 A 0.6 | 0.2 | 0.2 0
0 B 0.2 | 0.6 0 0.2
0 C 0.1 0 0.8 | 0.1
0 D 0 0.25(0.25| 0.5
1 A 0.8 | 0.1 | 0.1 0
1 B 0.8 | 0.1 0 0.1
1 C 0.1 0 0.8 | 0.1
1 D 0 01| 0.8 | 0.1




Applying the forward algorithm

Input: 0 1 1 0

Output: | 1 | M | I | I3

1 2 3 4

O\l | m|>
N

//
fB(3)=P(raB, 1) * (f 4(2)P(B|A, 1)+
fp(2)P(B|B, 1) +fp(2)P(D|C, 1))



Result of applying the forward algorithm

Input: 0 1 1 0
Output:
1 1 Iy I3
1 2 3 4
A 0.4 0.08 0.04488 0.0033861
B 0.1 0.0125 0.033125 0'02156082
C 0 0.008 0.00308 0'002;;7906
D 0 0.01 0.0007625 | 0.00438855

P(T17T17T27T3|07 17 170) — fA(4) + fB(4) + fC’(4) + fD(4): 00325



Learning an IOHMM from data
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The expectation maximization algorithm
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Learning without hidden information

* Transition probabilities

— I — | — — Number of transitions from
akl P( t ” th 1 k’ Ut p state K to state | given input p
_ o e tue=p T
Nk 1 uc=p

* Emission probabilities

Gk(C) — P(l’t — C“t — ]C,”U,t — p) Number of times C is emitted
/from K given input p
nk,ClUt:p

¢ Mk,c'lur=p




The expectation step

* We need to know the probability of the symbol at t being
produced by state i!'given the entire observation and input
sequence Uy.1!'X(.7

P('t = klugt,X1:7)

* We also need to know the probability of observations at t
and (t+1) being produced by state i!"and | respectively given
seguence X

P('t=141y 1= glUuLt,X1:7)

e Given these we can compute our expected counts for
state transitions, character emissions

Bengio & Frasconi, IEEE Trans on Neural Networks 1996



ComPUting P(I t — k‘u1:T1X1:T>
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Computing P(!{ =k, xi.7|ui.T)

* To compute

P(I t — ka L1.T ‘ulzT)

 We need the forward and backward algorithm
= P (X1:¢, ™ = K|U1:¢)P (X1 7| = K, X 14, U1:7)

= P(a‘jlzh Tt = k\u1:t’)|?(a3t+1:T\7Tt = Kk, ut:Tl)
v |
Forward algorithm f,(7) Backward algorithm b,(1)




Steps of the backward algorithm

I Initialization (¢=T)
bk(t) =1

I Recursion (t=1-1 to 1)
bi(t) = Xiariei(xe+1 )bi(t + 1)



Trying out an example with backward
algorithm

* Again assume we have the same CPTs as those
associated with the forward algorithm demo

* Assume we observe the following
nput: 011
Output: r,; r, r,

 What are computations for the backward
algorithm?



Results from applying the backward algorithm
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Computing P (m; =K, z1.7|uqi.7)

* Using the forward and backward variables,
this is computed as

P(m =K, X1.7[Ug.T)

P(T‘-t :k‘Ul:T,X].:T): P(Xl-T‘UJ_'T)

f e (t)be(t)
P (X 1:T‘u 1:T)

P(';= Kluyr,X1:7) =



"#$%8'() P(ly=i,ly 1= jlusT, X1T)

* This is the probability of symbols at f and ¢+
emitted from states k and [ given the entire

observed and sequence x;., and input
sequence u; .y

P(Wt =1, 1 = jamlzT\uLT)
P(wlleulzT)

fi(t = Dajiei(x)b;(1)
P(xi.7|ui.7)
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Baum-Welch one iteration

e Let’s assume we have J=2 training instances

{(O, 1, 1), (7"1, T2, 7“2)}
{(1, O, O), (7‘2,7‘1,7‘1)}

* Each training example will contribute to the
expected counts of transition and emission
probabilities

* Expectation step:

— Compute the forward and backward variables for
both training samples, for all time points



Baum-Welch one iteration M step
o "##$%&'(&')*&"#+),-./',0&',*).%-,-$.'

{(O! 11 1)’ (rl, I'2, rZ)}

{(17 07 O)(T27 ry, Tl)}
Al Blu=1

fa(l)aapep(r2)be(2) + fa(2)aasen(r2)ba(3)
P(’l“l, TQ,TQ‘O, 1, 1)
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Baum-Welch one iteration M step

* Suppose we are updating the expected counts
for observing r, from state B given input I"#

[y, Blu=1

_ 82 (2)+ Ts(B)BB) .  Te()b(d)
P(rq,ro,r,|0,0,1) l \P(rz,r1,r1|1, 0, 0) l
I |

Contribution from sample 1 Contribution from sample 2

\




Goals for today

* Application of IOHMMSs to examine regulatory
network dynamics
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Ernst et al., 2007, Mol Sys Biol




"HES%&' () %+, %-./$

| I"HE068 (&'S)*+, *-&*% . +$/# #$0%)H1H)$2+$
32&++*2 .+
" 4.2-1#)$0%)#1*.5$6%."*. &%&+$HT (H++*%.$8218&
| QS 2. 4% %0 +8)H(#.)H)$%.$+2*65*.(8'$2.)S
"HEB&, H. S+ 2 H

Bk D BB+ $I2+F 2% #) S S HS=S+H($<%,
H26" S+ 2HBF" S 1% $6"*1) #.>F'%S)*+6,*0*, 2'HS
[ S5H H+$2++5 H) %S HS-* <&, 62 5+ 2+



Defining the transition probability in DREM

* DREM uses a binary classifier (logistic
regression) to define transition probabilities

e Assume we are state /2, which has two child

states a and b
1

P(Xt+1 = alx¢ = h,u’) = 1+exp(! ! | e Liul(f)

/

Input associated with the i gene: collection of
binding sites on gene i’s promoter

State-specific parameters
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Does condition non-specific data help?

GCN4

B MET32 ) ) 23
ik Nitrogen compound metabolism 510~
DAL82

2 = RIG3

CBF1
YAPT -
GLN3 C3F1
ARGS!
SR Nucleotide biosynthesis 2*10~'2

1 -
GoNa Cellular carbohydrate metabolism 4*10 '3
CBF1
@ Ty element transposition 10734
0 SN -,-——— pm— Protein biosynthesis 3*10~72
/c~-§- ah :
Ribosome biogenesis and assembly 4*10~2"
MBP1 FHL1
-1 = RAP
- '\ SwWi4 SFP11
ip‘: Amino-acid transport 102
ABF1
STP
P — oL

Yes, adding additional non-condition specific data helped explain more splits or
found more TFs per split
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